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Sequences & Mathematical Induction

5.1 Sequences

In this lecture:

atl Part 1: Why we need Sequences (Real-life examples).

Ul Part 2: Sequence and Patterns

L) Part 3: Summation: Notation, Expanding & Telescoping
U Part 4: Product and Factorial

Ul Part 5: Properties of Summations and Products

Ul Part 6: Sequence in Computer Loops and Dummy Variables‘/g\‘

Motivation
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A mathematician, like a painteror poet, is a maker of patterns.
-G. H. Hardy, A Mathematicians Apology, 1940

]




Sequences  (widuiial)

26 Y s sl da S das A<
46 S (s gl A
8¢  Elll gl Aa
16 ¢ Sl (5 ghall ia
32 ¢ Comaldl) g glual) da

2X ¢ K s simad) Sa

Position in the row 1 2 3 4

Number of ancestors 2 4 8 16

32

64

128...

Train Schedule
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In Nature

https://www.youtube.com/watch?v=ahXIMUKSXX0

1Q Tests

Determine the number of points in the 4" and 5% figure
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https://www.youtube.com/watch?v=ahXIMUkSXX0

In programing
Any difference between these loops

[. fori:=1ton 2. for j :=0ton — 1 3. fork:=2ton+1

print afi] print afj + 1] print a[k — 1]
next i next j next k
> ooy alkl.
s '=all] § =
fork:=2ton fork:=1ton
s =5 +alk] s =5 +alk]
next k next k
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Sequences

L) Part 1: Why we need Sequences (Real-life examples).

ﬂ[l Part 2: Sequence and Patterns

() Part 3: Summation: Notation, Expanding & Telescoping

) Part 4: Product and Factorial

) Part 5: Properties of Summations and Products

) Part 6: Sequence in Computer Loops and Change of Variablelzg
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Sequences
Gluliial)

ama am+l9 am+29 ooy an

a sequence is a set of elements written in a row.

Each individual element a, is called a term.

The & in @, is called a subscript or index

11

Finding Terms of Sequences Given by Explicit Formulas

Define sequences ai, @, as, . . . and b, bs, b, . . . by the following
explicit formulas: a,= _k__ for some integers k> 1
k+1
b;=_i-1 for some integersi>2

1

Compute the first five terms of both sequences.

Solution 1 1 2-—1 1
a) = —— = — bzz—:—
141 2 2 2
2 2 3—1 2
. .. ay = ——— = — b3_-—:——
Gl Jald) quli 3 2+1 3 3 3
Aaadlalas age JlBY) 3 .3 b4=4_1_—:§
4 _4 b_5~l_4
BELTF1T 5 ST 75 75
5 s y _6-1_5

“T5F17 6 =76 "6 12
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Finding Terms of Sequences Given by Explicit Formulas

Compute the first six terms of the sequence ¢, ¢, ¢, . . . defined

as follows: ¢C;= (—1) ] forall integers j 2 0.

Solution:
=01 =1
cl=C-D =-1
cc=(-12 =1
=1y =-1
=0 = 1
=1y =-1

13

Finding an Explicit Formula to Fit Given Initial Terms

Find an explicit formula for a sequence that has the following
initial terms:

1,

1, L, _1,..

4, 1,
4 9 1 25 3

(_l)k—H
ay = ——— for all integers k > 1.
OR
(—DF :
ay = ——— forall integers k > 0.
(k+ 1)?

=>»How to prove such formulas of sequences?
14
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Sequences

L) Part 1: Why we need Sequences (Real-life examples).

L) Part 2: Sequence and Patterns

(] Part 3: Summation: Notation, Expanding & Telescoping
L) Part 4: Product and Factorial

) Part 5: Properties of Summations and Products
) Part 6: Sequence in Computer Loops and Change of Variablgé

Summation
Upper limit
n
Z Ar = Ay T Ape] T A2 T Ay
k=m
Lower limit
index

16
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Example

Leta=-2,a.=-1,a:=0,a:=1, and as= 2.
Compute the following:

5 2 2
a Z a, b. Z a, C. Z a,,
k=1 k=2 k=1

N

c. ay=a+ars=a+a=—-1+1=0

=~
I

17

Example

When the terms of a summation are given by a formula

Compute the following summation:

5
2 K
k=1

Solution:

S
D =142 4344745 =55
k=1

18
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Useful Operations

* Summation to Expanded Form

* Expanded Form to Summation

* Separating Off a Final Term

* Telescoping

=>These concepts are very important to understand computer loops
19

Summation to Expanded Form

Write the following summation in expanded form:

2 i+
Solution:
no N PPN T .
i
:1—%-}-%_%4_..._}_;__?1

20
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Expanded Form to Summation

Express the following using summation notation:

1 + 2 + 3 +...+t n+1

n+1 n+2 2n
Solution:
n
1+ 2 + 3 +...+ ntl Z k+1
n ntl n+2 2n ) Ntk

21

Separating Off a Final Term and Adding On a Final Term n

n+l

Rewrite Z lz by separating off the final term.

=1 !
n+1 n
1 1 1
Zi_Z_Zi_Z+(n+1)2
i=l1 i=l1
n

Write Z 2k 4+ 20t a4 a single summation.
k=0

n+1

izk +2n+1 — sz
k=0 k=0

22
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Telescoping

n
Example: Z =) =(1-2)+ (23) + . . .+ (n—(n+1))
=1 =1 - (n+)
=-n

This is very useful in programing:
S=0

For (i=1;i<=n;i++) C> S=-n;
S=S+i-(i+1);

A telescoping series is a series whose partial sums eventually
only have a fixed number of terms after cancellation [wiki].

23

Telescoping

A telescoping series is a series whose partial sums eventually
only have a fixed number of terms after cancellation [1].

n

Example: Z# S=0;
=1 k(k-l—l) For (k=1;k<=n;k++)
S=S+ 1/k*(k+1);

n

(D (D (D D

n n

nt1 S=1-(1/(n+1);

1
n+1

24
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Sequences

L) Part 1: Why we need Sequences (Real-life examples).
L) Part 2: Sequence and Patterns

L) Part 3: Summation: Notation, Expanding & Telescoping
Part 4: Product and Factorial
L) Part 5: Properties of Summations and Products
L) Part 6: Sequence in Computer Loops and Change of Variablg&

Product Notation

o Definition

n
If m and n are integers and m < n, the symbol [] a, read the product from k

k=m
equals m to n of a-sub-k, is the product of all the terms a,,, dpt1, Ami2s - -5 Gy.

We write

5

k=1

n

l_[ A = A A1 Q42 * - - Ay

k=m

1

Hk=1-2-3-4-5=120 1_[ k 1 %

k=1k+1 I+1

26
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Factorial Notation

e Definition

For each positive integer n, the quantity n factorial denoted n!, is defined to be the
product of all the integers from 1 to n:

nl=n-n-1)---3-2-1.

Zero factorial, denoted 0!, is defined to be 1:

0!'=1.
0! =1 11=1
20=21=2 31=32-1=6
41=432-1=24 51=54.32-1=120
6! = 6:5-4-3-2:1 = 720 71 =76-5-4-32-1 = 5,040
8!=87-654321 9! =9.8.7-6-5-4-3-2-1
= 40,320 = 362,880

27

Factorial Notation

A recursive definition for factorial

ai= 11 if n=20
' n.mn-1)! if n>1

0! =1 =1

20=21=2 31=3.2-1=6
41=432:1=24 51=54.32-1=120

6! = 6:5-4-3-2:1 = 720 71 =7-6-5-4-3-2-1 = 5,040

81=8-7-6-5-4-3-2-1 = 40,320 91=9-8-7-6-5-4-3-2-1 = 362,880

28
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Computing with Factorials

8! _8'74' 5! 5431 54
nT TR TR T TS S
(n+1)! (n+1)-n!
- - =n+1

n! n!
_n n-(n—1)-(n—2)-(n—3)!
(n=3)! " (n—3)! =n-(n-1)-mn-2)

1 2
=n —3n"+2n

29

Mustafa Jarrar: Lecture Notes on Sequences & Mathematical Induction.
Birzeit University, Palestine, 2015

Sequences & Mathematical Induction

Sequences

L) Part 1: Why we need Seguences (Real-life examples).
() Part 2: Sequence and Patterns

() Part 3: Summation: Notation, Expanding & Telescoping
L) Part 4: Product and Factorial
Part 5: Properties of Summations and Products
) Part 6: Sequence in Computer Loops and Change of Variablgg
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Properties of Summations and Products

Which is better
in programing?

Theorem 5.1.1

If ay, am+1, Gmsa, - .. and by, byyy1, by, - . . are sequence
is any real number, then the following equations hold for an

n n n
L. Zak + Zbk = Z(ak + by)
k=m k=m

k=m
n n
2. c- Z ay = Z C-ag generalized distributive law
k=m k=m
n n n
3. (1_[ ak> . (1_[ bk) = H(ak-bk).
k=m k=m k=m

=>» Remember to apply these in programing Loops
31

Example

Leta, = k+ 1 and b, =k - 1 for all integers k. Write each of the
following expressions as a single summation or product:

PIREDIN [Ta.Ilx
k=m k=m k=m k=m

B Enefoone B0 | (1), () (e (e

k=m

=) k+D+) 2:(-1) -

P P 711:—’["(k+ D-(k—1)
=) (k+1)+2:(k—1)) —TTae 1

P £y )
=) Gk-1)

k=m

32

11/25/18

16



Mustafa Jarrar: Lecture Notes on Sequences & Mathematical Induction.
Birzeit University, Palestine, 2015

Sequences & Mathematical Induction

Sequences

L) Part 1: Why we need Sequences (Real-life examples).
L) Part 2: Sequence and Patterns

L) Part 3: Summation: Notation, Expanding & Telescoping
L) Part 4: Product and Factorial

L) Part 5: Properties of Summations and Products

ﬁ‘j Part 6: Sequence in Computer Loops and Change of Variables

33
Change of Variable
3 3
Observe: ;k2= 17 +27 437 Zi2= 12427 4+ 3%
= i=1
3 3
Hence: Zkz = Ziz'
k=1 i=1
4
Also Observe: Z(j —1 =212 +@-D*+@—1)?
j=2
=1"+22+3
3
= Zkz.
k=1
Replaced Index by any other symbol (called a dummy variable).
34
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Programing Loops
Any difference between these loops

[. fori:=1ton 2. for j :=0ton — 1 3. fork:=2ton+1
print afi] print afj + 1] print a[k — 1]
next i next j next k

> ooy alkl.
s =all] s =0
fork:=2ton fork:=1ton
s =5 +alk] s =5 +alk]
next k next k

35

Change Variables

Transform the following summation by making the specified
change of variable.

6

1 Change variable j = k+1  For (k=0;ks6; k++)
k+1 Sum = Sum + 1/(k+1)
=0

»i-y

j=1 k=1

x| =

.

For (k=1; k<7; k++)
Sum = Sum + 1/(k)

]~
=

6.1
2 i

k=0

x~
I
—_

36

11/25/18

18



Change Variables

Transform the following summation by making the specified

change of variable.
n+1

>
ntk

k=1

Change of variable: j = k - 1

n

i+ 1 - k+1
DPaTEaT D Dy
J

—~n+ G+ Zntk+D)
% ko~ k+1
Stk ntk+1)

For (k=1; k<=n+1; k++)
Sum = Sum + k/(n+k)

For (k=0; k<=n; k++)
Sum = Sum + (k+1)/(n+k+1)

37

Programing Loops

All questions in the exams will be loops

Thus, | suggest:

Convert all previous examples into loops and play

with them

38
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